Reliability and risk based inspection planning (RBI) has been developed in the past for single structural details subject to fatigue, based on structural reliability analysis. This paper extends the methodology to systems with a stochastic dependency between the individual fatigue hot spots. It addresses the general decision theoretic problems that arise when dealing with RBI of systems. The differences to inspection planning for individual hot spots are listed and discussed. Using a generic format for single hot spots, a consistent approach to the problem is proposed, based on the concept of Value of Information. Possible applications of the methodology are outlined.
INTRODUCTION
Risk Based Inspection Planning (RBI) has become a topic of large interest for offshore facilities in view of the increasing demands on the safety of the installations by the society (and therefore by legal authorities) on one hand and of the increasing complexity of the installations on the other hand. A large number of publications have addressed the subject during the last two decades and different methodologies have been applied by the industry. The presented approaches are ranging from fully qualitative to fully quantitative approaches for maintenance priorisation.
Quantitative approaches to inspection and maintenance planning based on structural reliability analysis and quantitative risk analysis been developed during the last 15 years, see e.g. Skjong [1] , Madsen et al. [2] and Fujita et al. [3] . A majority of the publications on quantitative inspection and maintenance planning deal with the analysis of the inspections for hot spots individually and so far applicable formulations for RBI were presented only for the treatment on a component-by-component basis. The effect of dependencies of one hot spot on another has been investigated in some studies, see e.g. Moan and Song [4] , Cramer and Friis-Hansen [5] , Faber and Sorensen [6] and Lotsberg et al. [7] . In Faber et al. [8] an informal decision analysis is proposed where the number of considered elements is reduced in a consistent and systematical way.
However, due to numerical effort and stability, such approaches have not been demonstrated to be practical. To the authors knowledge, an integrated and applicable approach to the decision problem has not been described so far, even though its importance is emphasized in many publications.
Objectives and scope of the paper
This paper addresses the general decision theoretic problems that arise when dealing with inspection planning of systems. A solution to problems where dependencies between different hot spots has an influence on the optimal inspection strategy is proposed.
Structural details subject to fatigue are considered, but the approach can be extended to other deterioration modes. The stochastic dependency between hot spots is only shortly discussed and its analysis is outside the scope of this paper. The present paper is furthermore limited to identified and modeled deterioration modes and does not address the problem of so-called gross errors. The numerical investigations and results presented herein are meant for illustrational purposes only and are all based on the same probabilistic model provided in the Annex.
DEFINITION OF HOT SPOTS
In the following structural systems subject to fatigue deterioration are considered. As described by Faber and Sorensen [6] it is assumed that the structural system for the purposes of inspection and maintenance planning may be represented by a number of critical locations or so-called hot spots where either the a-priori probability of fatigue failure is orders of magnitude larger than other points in the structure or for which the consequences of fatigue failures are particularly high. Typical hot spots in offshore structures are situated in welded connections from where fatigue crack growth may initiate and propagate. Whereas in platforms the number of these may be relatively limited, the number of hot spots in a ship structure is generally very large. However, not for all deterioration modes or structures are the hot spots discrete locations. Considering e.g. corrosion of pipelines or ship hulls, the situation may be encountered where in Straub & Faber (2004) 4 principle "all spots are hot". These situations were so far not explicitly addressed, but, as outlined in Faber and Sorensen [6] , require that a thorough understanding of the spatial variability of the deterioration mechanisms is established. This may provide the basis for defining hot spots for such deterioration mechanisms, although most likely resulting in problems with a very large number of hot spots.
OVERVIEW ON SYSTEM EFFECTS IN INSPECTION PLANNING
The so-called system effects in inspection planning are due to the fact that some of the epistemic uncertainties are dependent from one hot spot to another. (E.g. detection of a defect at one hot-spot increases our estimation of the probability of finding a defect at a similar location). Also the costs associated with maintenance do not increase linearly with the number of hot spots. Although these observations in general are well recognized, they have so far rarely been taken into account in quantitative analysis, mainly due to the lack of appropriate models for the correlation structure and the enormous computational effort needed for a full analysis of a system with a large number of components.
The system characteristics that are not included in the decision model when performing RBI on a component-by-component basis can be summarized as:
1) The dependence of inspection costs for one hot-spot on the total number of inspected hot-spots: The total cost of inspection is in general not increasing linearly with the number of inspections performed (as illustrated in Figure 1 ).
2) The consequences of failure of n hot spots may not be increasing linearly with n . In Figure 2 of component failure are modeled by the conditional probability of system failure multiplied with the consequences of system failure (the expected consequences of component failure). More details on this subject can be found in Straub and Faber [9] .
Theoretically the system effects can be modeled by more appropriate and complicated system representations, see e.g. Faber et al. [8] , but the calculation efforts then get very large. Point 3) is directly related to point 2) and the same is valid. Point 1), in contrast, should be included in the analysis for some types of structures. Mobilization and preparations for access to the components may be associated with high costs, which in principle can be shared when inspecting more than one hot spot. Consider for example inspection of a tank, where the cost for cleaning and gas freeing, as well as possible operational limitations, may be significantly higher than cost of inspection itself. Point 4) addresses one of the most important but also the most challenging system characteristics to include in the inspection and maintenance planning framework. So far the suggested solutions to this problem (e.g. Faber et al. [8] ) have been numerical cumbersome and thus performing unsatisfactorily in practical applications.
THEORETICAL FRAMEWORK
Quantitative risk based inspection planning for individual hot spots can be solved within the framework of pre-posterior analysis from the Bayesian decision analysis, as described e.g. in Raiffa and Schlaifer [10] and Benjamin and Cornell [11] . The interested reader is referred to Faber et al. [12] for an extensive description of an applied RBI methodology based on the framework.
Generally, the inspection and maintenance planning decision problem can be described in terms of the following sets of decision and events: 
With the aid of structural reliability analysis and model updating in particular (as described in Madsen [13] ) it is possible to evaluate the optimal inspection strategy by maximizing Eq. (1) and accounting for possible constraints on the maximal accepted failure probability as specified by codes, authorities or operators themselves. Due to the computational effort it is however not possible to perform a full optimization over all 
GENERIC APPROACH TO INSPECTION PLANNING FOR INDIVIDUAL HOT SPOTS
To overcome the shortcomings of the full analysis as described above, a generic approach was proposed by Faber et al. [12] for inspection planning of single hot spots.
Thereby RBI is performed for representative generic details, pre-establishing inspection plans as a function of the most important parameters, such as the design fatigue life of the hot spots and the considered inspection method. The former is considered by the socalled FDF (Fatigue Design Factor), which is the ratio between the design fatigue life of the hot spot and the service life of the structure.
The FDF is the main indicator for the reliability of the hot spot. In Figure 4 probabilities of failure are shown for a detail as a function of the FDF , applying the probabilistic model as given in the Annex. 
MODULAR APPROACH TO INSPECTION PLANNING OF SYSTEMS
Based on the generic format, a modular approach for the inspection planning of systems is proposed in the following. The main idea behind the methodology is that the optimization of the inspection effort is not performed for the entire system altogether, but for the specific hot spots individually. First the optimal inspection plans for the individual hot spots are determined according to the generic approach. These plans are optimal for the individual details if the information obtained from inspection of the other hot spots is not considered. If information from other hot spots is available it will be introduced in the model by directly changing the correlated variables of the considered hot spot. The change in the reliability of this hot spot is expressed in terms
of a new FDF . Given the new FDF , the optimal inspection plan for the non-inspected hot spot can again be obtained from the pre-established database.
The FDF was originally defined based on design calculations and the corresponding reliability was determined as illustrated in Figure 4 . The significance of the FDF is now detached from the original deterministic one and the FDF is just representative for the reliability of the hot spot. This is not completely consistent, because the FDF in principle is a direct function of the level of stress ranges, whereas the change in the reliability may also be due to other updated variables in the limit state functions. I.e.
that even for a situation where two hot spots have the same reliability and therefore the same FDF , the underlying random variables in the deterioration model may differ from one hot spot to the other. This implies that the initially calculated inspection plans (depending on the FDF only) may not be completely correct. For the example treated in this paper, this effect is not crucial.
Using the generic concept as described above greatly simplifies the planning of inspections when information from dependent hot spots is available, i.e. in the posterior analysis. However, in inspection planning before any inspection is performed, i.e. in pre-posterior analysis, system effects will also influence the optimal decision on the inspections. The question is then -how to introduce the system effects here?
It is recalled that the planning of inspections itself does not change our estimation of the risk, but the planning of terminal acts will. This is how inspection planning for single components works: We define a decision rule d on the terminal act after the inspection outcome, in the considered case that every detected defect is repaired. When these repairs are carried out, the hot spot will, in general, show a better performance than 
UPDATING AFTER THE INSPECTION
After an inspection is performed, the reliability updating of the dependent hot spots can readily be carried out. The effect of this updating has been investigated in several papers, see Moan and Song [4] or Lotsberg et al. [7] . In the following an efficient procedure is described which facilitates practical applications.
In structural reliability theory, the updating of models when new information arises (such as inspection results) was developed during the 80s, see e.g. Madsen [13] . By use of Bayes theorem and by introducing event margins H equivalent to safety margins, the updating of the safety margin M was allowed for. Eq. (3) shows the general case with r inequality and s equality event margins. Quantitative risk based inspection planning is generally based on this formulation.
The distribution of the basic variables can be updated in a similar manner by replacing the safety margin M in Eq. 
BENEFIT OF THE NON-INSPECTED HOT SPOT (VALUE OF INFORMATION)
In this section, it will be demonstrated how the inspection planning for dependent hot spots can be performed. Thereby the benefit of the non-inspected hot spots derived from an inspection of a dependent hot spot is specified. It will be shown that this benefit can be calculated using the concept of value of information as described in e.g. Raiffa and
Schlaifer [10] . This theory is valid when sample and terminal utilities are additive, i.e.
This is the case in the present framework.
Consider a hot spot before any inspection is performed: The performance of this hot spot is described by its FDF (or the corresponding underlying prior distribution of  ).
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For this hot spot a specific strategy will be optimal, i.e. will lead to minimal expected costs. We call this the prior inspection plan. If one or more inspections of dependent hot spots are performed, the FDF of this detail will generally change depending on the outcomes of the inspections, as shown in Figure 7 . If the optimal inspection plan for this posterior FDF is the same as the prior one, we have no advantage from this additional information because our terminal act (which now has a different meaning, namely the application of a specific inspection plan) does not change. However, if the posterior FDF implies that a plan different from the initial one would be optimal, the additional information will lead to a change in the total expected cost. The difference to the expected cost as would result by applying the initial plan is called Conditional Value of Sample Information CVSI . It is conditional on the inspection outcome and therefore only known after its completion. This is why it is of no direct use in inspection planning. The CVSI is illustrated in Figure 8 where only two different inspection plans are present and where it is assumed that the prior decision would have been to perform three inspections. The CVSI as illustrated above assumes that the additional information is available at
. If the inspection is performed at a later point in time, the CVSI will be smaller, because a part of the total expected cost are already accumulated and cannot be influenced by the additional information. In Eq. (6), a factor   t R is therefore introduced that accounts for the expected cost that is already accumulated at the time of inspection. This factor is a function of the service life SL and the annual interest rate r , and is in principle dependent on the inspection strategy of the non-inspected hot spot, as illustrated in Figure 9 . For reasons of simplicity   t R is calculated as if the cost were evenly distributed over time. In the planning phase the outcomes of the inspections are unknown. It is however possible to compute its possible outcomes, i.e. the probability of no-finding and the probability of finding a certain crack length for one inspection and combinations of that for several inspections. In the considered example it was seen that it is sufficient to distinguish between findings and no-findings. By computing the expectation of the Straub & Faber (2004) 18 CVSI over the different outcomes, the Expected Value of Sample Information, EVSI , is obtained as given in Eq. (7) where Z is the space of inspection outcomes.
As the number of inspected hot spots increases, the EVSI will approach asymptotically a maximal value. Theoretical considerations show that there exists an Expected Value of Perfect Information EVPI . This value is equal to the expected utility of having perfect information on the FDF with respect to the correlated variables (see Raiffa and
Schlaifer [10] ) and is equal to the EVSI when the number of inspections approaches infinity. The EVPI is not dependent on the inspected hot spots but only on the noninspected and, by means of the factor   t R , (Eq. 6), also on the inspection time.
NUMERICAL EXAMPLES 1
For illustrational purposes consider a system with two hot spots each with a 2 
FDF
. 
Inspection of one hot spot at
In Figure 10 Accordingly, the EVSI is calculated for inspection of several hot spots. The computation gets more demanding and care is needed because numerical accuracy may become critical, as many different combinations of inspection outcomes are now to be considered. The procedure is however the same as for the single case. In Figure 11 the EVSI is illustrated for different cases with respect to the number of inspected hot spots.
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For the cases given in Figure 11 the EVSI approaches the EVPI already for a relatively small number of inspections. 
Inspection strategies using dummy components
The locations of the hot spots are usually dictated by their structural function and are often far from optimal for maintenance purposes. Therefore in many systems the cost of inspections consist mainly of the impact that inspection has on production and/or the cost of accessing the hot spot. However, it would be relatively inexpensive to add dummy components whose fatigue behavior is dependent on the real ones and would act as an indicator. These dummy components could be placed so that inspection has the less possible implications on the production and accessibility is no problem. The benefit that inspection of these dummy components would bring can be calculated as described in the former section and as illustrated in Figure 11 . By using dummy components advantage could be taken from the fact that hot spots with lower fatigue life will give more information as indicated in Figure 10 .
Inspection strategies for systems with high reliability of the individual hot spots
For large systems the situation is often that considerations on individual hot spots show that inspection is not economical due to the large reliability of the hot spots. The reliability of the system can however be much smaller (series systems) and inspections may then be economical with regard to the entire system. In order to illustrate how the proposed methodology can be applied on such systems consider a system consisting of 100 hot spots, all with 4  FDF . For the individual hot spots it will then always be optimal to not perform any inspection at all. However, in light of the decreased risk for the other hot spots, it may nevertheless be optimal for the system to perform some optimal number of components to be inspected. The proposed approach is highly practical and can be implemented in software systems.
It is suggested that future efforts are directed towards the systematic investigation of the dependencies between fatigue crack growth at different locations. Such information would greatly enhance the development of RBI for systems.
ANNEX -PROBABILISTIC MODELLING Fatigue Modeling
For the numerical studies in the paper the formulation for fatigue crack growth as given in Eq. (9) is applied where the crack depth a at time t is determined based on the ParisErdogan law.
  
Dependency model
The examples in the paper are calculated assuming that the stress ranges are full correlated from one hot spot to another. All other random variables in the deterioration model are modeled as independent from one hot spot to another. Furthermore also the performance of inspections are assumed to be independent, an assumption investigated by Straub and Faber [14] . This model was chosen for illustrating purposes.
Inspection model
The inspection techniques are described by their ability to detect a defect, the so-called Probability of Detection PoD , and their accuracy of the measuring of the defect, which Straub & Faber (2004) 25 is described by a measurement error  . In this paper, the PoD was assumed to follow an exponential law, i.e.
   
Ba a PoD    exp 1
Cost model
The consequences were modeled in terms of the cost of inspection 
